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Zdefiniowanie problemu

Układ fizyczny

|ψ〉 =
∑

σ1,...,σL

c(σ1...σL) |σ1 . . . σL〉

{σ1} {σL}

S1 SLS2

{σ2}

Hamiltonian układu

Ĥ = −
L−1∑
n=1

Ŝxn Ŝ
x
n+1 − γ

L∑
n=1

Ŝzn

gdzie:
Ŝxn ,Ŝzn - operatory spinowe
γ = h

J
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Formalizm Matrix-Product States(MPS)

MPS dla otwartych warunków brzegowych(OBC)

|ψ〉 =
d1,...,dL∑
σ1,...,σL

D1,...,DL−1∑
a1,...,aL−1

Mσ1
1,a1M

σ2
a1,a2 . . .M

σL−1
aL−2,aL−1M

σL
aL−1,1 |σ1 . . . σL〉

MPS dla periodycznych warunków brzegowych(PBC)

|ψ〉 =
d1,...,dL∑
σ1,...,σL

D1,...,DL∑
a1,...,aL

Mσ1
a1,a2M

σ2
a2,a3 . . .M

σL−1
aL−1,aLM

σL
aL,a1 |σ1 . . . σL〉
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Zapis dowolnego stanu w postaci MPS

Wejście

|ψ〉 =
∑

σ1,...,σL

c(σ1...σL) |σ1 . . . σL〉

Krok 1

c(σ1...σL) = Ψσ1,(σ2...σL) =
D1∑
a1

Uσ1,a1Sa1,a1V
†
a1,(σ2...σL)

Uσ1,a1 = Aσ11,a1
ca1,(σ2...σL) = Sa1,a1V

†
a1,(σ2...σL)
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Zapis dowolnego stanu w postaci MPS

Krok 2

ca1,(σ2...σL) = Ψ(a1σ2),(σ3...σL) =
D2∑
a2

U(a1σ2),a2Sa2,a2V
†
a2,(σ3...σL)

U(a1σ2),a2 = Aσ2a1,a2
ca2,(σ3...σL) = Sa2,a2V

†
a2,(σ3...σL)

Wyjście

|ψ〉 =
d1,...,dL∑
σ1,...,σL

D1,...,DL−1∑
a1,...,aL−1

Aσ11,a1A
σ2
a1,a2 . . .A

σL−1
aL−2,aL−1A

σL
aL−1,1 |σ1 . . . σL〉
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Specjalna postać MPS

Lewostronnie unormowany MPS

|ψ〉 =
d1,...,dL∑
σ1,...,σL

D1,...,DL−1∑
a1,...,aL−1

Aσ11,a1A
σ2
a1,a2 . . .A

σL−1
aL−2,aL−1A

σL
aL−1,1 |σ1 . . . σL〉

∑
σn

(
Aσn†Aσn

)
an,a′n

=
∑
an−1,σn

Aσn†an,an−1A
σn
an−1,a′n

=
∑
an−1σn

U†an,(an−1σn)U(an−1σn),a′n = δan,a′n
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Działania na MPSach

Iloczyn wewnętrzny

〈φ|ψ〉 =
∑

σ1,...,σL

M̃σL† . . . M̃σ1†Mσ1 . . .MσL

Wartość oczekiwana

〈ψ|Ô|ψ〉 =
∑

σ1,...,σL
σ′i

M̃σL† . . . M̃σi† . . . M̃σ1†Oσi ,σ
′
iMσ1 . . .Mσ′i . . .MσL

gdzie:
|ψ〉 =

∑
σ1,...,σL

Mσ1 . . .MσL |σ1, . . . , σL〉
|φ〉 =

∑
σ1,...,σL

M̃σ1 . . . M̃σL |σ1, . . . , σL〉
Ô =

∑
σi ,σ

′
i
Oσi ,σ

′
i |σi 〉〈σ′i |
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Graficzna reprezentacja

MPS

σ1 σLσ2

a1 a2 aL−1

Iloczyn wewnętrzny

〈φ|

|ψ〉
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Graficzna reprezentacja

Wartość oczekiwana

Ô

σ′
i

σi

ai−1 ai

a′ia′i−1
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Metoda wariacyjna w dziedzinie MPS (VMPS)

Podstawa metody

〈ψ|Ĥ|ψ〉 =
∑
n

∑
m
c∗mcnEn〈ψm|ψn〉 =

∑
n
En|cn|2 ­ E0

Metoda mnożników Lagrange’a

L = 〈ψ|Ĥ|ψ〉 − λ〈ψ|ψ〉
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VMPS

Graficzna reprezentacja 〈ψ|ψ〉

ΨA
ai−1,a′

i−1

Mσi∗
ai−1,ai

Mσi

a′
i−1

,a′
i

ΨB
ai,a′

i
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VMPS

Graficzna reprezentacja 〈ψ|Ĥ|ψ〉

Lai−1,a
′
i−1

Oσi,σ
′
i

Rai,a
′
i

Mσi∗
ai−1,ai

M
σ′
i

a′
i−1

,a′
i
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VMPS

Minimalizacja na i-tym węźle

0 =
∑
σ′i

∑
a′i−1,a

′
i

Lai−1,a
′
i−1Oσi ,σ

′
iRai ,a

′
iM

σ′i
a′i−1,a

′
i

− λ
∑
a′i−1,a

′
i

ΨAai−1,a′i−1
Mσi
a′i−1,a

′
i
ΨBai ,a′i

D. Woźniak VMPS



VMPS

Minimalizacja na i-tym węźle

Hef(σiai−1ai )(σ′i a′i−1a′i )
=
∑
bi−1,bi L

ai−1,a′i−1O
σi ,σ

′
i

bi−1,bi
Rai ,a

′
i

N(σiai−1ai )(σ′i a′i−1a′i ) = ΨAai−1,a′i−1
ΨBai ,a′i

δσi ,σ′i

ν(σ′i a
′
i−1a

′
i )

= M
σ′i
a′i−1,a

′
i

Końcowy wzór

Hef ν = λNν
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VMPS

Algorytm VMPS

BσLBσL−1BσL−2Bσ3Bσ2Mσ1

BσLBσL−1BσL−2Bσ3Mσ2Aσ1

BσLMσL−1AσL−2Aσ3Aσ2Aσ1

MσLAσL−1AσL−2Aσ3Aσ2Aσ1

BσLMσL−1AσL−2Aσ3Aσ2Aσ1
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E0(D), dla L = 100, γ = 0.5

E 0

−105,48378

−105,48377

−105,48376

−105,48375

−105,48374

−105,48373

−105,48372

−105,48371

−105,4837
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E0(D), dla L = 100, γ = 1

E 0

−126,98

−126,96

−126,94

−126,92

−126,9

−126,88

−126,86

−126,84

D
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E0(D), dla L = 100, γ = 2

E 0

−212,5775

−212,577

−212,5765

−212,576

−212,5755

−212,575

−212,5745

−212,574

−212,5735

D
0 5 10 15 20 25

 VMPS
 Ex
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|E0 − Ex |(D), dla L = 100, γ = 0.5
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|E0 − Ex |(D), dla L = 100, γ = 1
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|E0 − Ex |(D), dla L = 100, γ = 2
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